Relations between Neutrino and Charged Fermion Masses 
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We find an intriguing relation between neutrino and charged fermion masses, Iml^ — m^^ \ : 
(rni^ — rni_^) :: V^m^ml/m'l : Vcamf^rris/m^. We further indicate this relation can be predicted by 
a left-right symmetric model. 

PACS numbers: 14.60.Pq, 12.60.Cn, 12.60.Fr 
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The neutrino oscillation data have determined the val- 
ues of the two neutrino mass squared difference [ij, 
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\Aml,\ 



< =7.65^E5•J3xlO-5eV^ 
ilj =2.40^0;i?xlO-3eV^ (1) 



We notice the ratio of the above neutrino mass squared 
difference can be well described by the quark and charged 
lepton masses, 
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Ami, ^mlV,t : '^mlV^\ , 



(2) 



with the charged fermion masses 0, 



= 1.27 



-0.50 
-0.42 



MeV, 



= 2.90;}-jg MeV, 



0.619 ± 0.084 GcV, = 55^11 MeV , 
171.7 ± 3.0 GeV, m^, = 2.89 ± 0.09 GeV , 
0.486570161 ± 0.000000042 MeV , 
102.7181359 ± 0.0000092 MeV , 
1776.24t°;20MeV, 



(3) 



and the Cabibbo-Kobayashi-Maskawa (CKM) Q matrix 



CKM 



/ V , V V ^\ 

f ud us ^ ub \ 

cd cs ^ CO 



/ 0.97419 ± 0.00022 0.2257 ± 0.0010 0.00359 ± 0.00016 \ 
0.2256 ±0.0010 0.97334 ± 0.00023 



041 fi+o ooio 



V 0.00874t°:°°°26 0.0407 ±0,0010 0.999133t!^:^oo!^43 



Here the charged fermion masses and the CKM matrix 
are all given at /i = m^. 

A possible solution to the intriguing relation ^ is to 
consider the normal hierarchy neutrino masses, 



where the parameter e is defined by 



I Ami J 



(6) 



We take 



TO,, 



= 1.27MeV, m^ = 0.703GeV, to^ = 168.7 GeV 
^ 2.90 MeV, =40MeV, mf, = 2.98 GeV, 
= 0.486570161 MeV, 14^ = 0.97419, 
= 102.7181359 MeV, V^^=0.973U, 

= 0.999133 , 



= 1776.24 MeV, 



Ato^^ 



7.60 X 10"^ eV 



Ato^i = 2.40 X 10"^ eV^ , 
to derive 

6 = 1.60x10" 
and then the normal hierarchy neutrino masses, 
TO^ = 1.69xlO"^eV, =8.88xl0-3eV 
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(7) 
(8) 



TO, 



4.90 X 10~2 eV , m^. = 0.0596 eV , (9) 



i=l 



which are consistent with the cosmological limit 

We further find the appearance of the relation ^ 
is not accidental in a SU{3)^ x SU(2)^ x SU{2)j^ x 
[/(1)^_^ left-right symmetric model [6|. In our model, 
the scalar sector contains a real singlet tT(l, 1,1,0) 
and a leptoquark singlet (5(3,1,1,— |) as well as 
a left-handed doublet (/)^(1, 2, 1, — 1) and its right- 
handed partner (/)^(1, 1, 2, — 1). In the fermion sec- 
' tor, besides the usual quark and lepton doublets, 

i.e. 9^(3,2,1,1), g^(3,l,2,i), ^^(1,2,1,-1) and 
(4) Z^(l, 1, 2, — 1), we introduce four types of singlets: 



i^i_^(3, 1, 1, -f ), C/^,«(3, 1, 1, |), E^ ,^{1, 1, 1, -2) and 
A^^(l, 1, 1, 0). Here all fermions have three generations 
and their family indices have been suppressed. The left- 
right symmetry is assumed to be the charge-conjugation, 
under which the fields transform as 

U^^U},, E^^E^j,, Nj^^Nj,. (10) 
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Here the charge-conjugation of the fermions is defined by 
QL = PlQ ^ qR = {qnT = {PbiT = PlQ"^ etc. We also 
impose a U{1)^ ~ U{l)i x U{1)2 x C/(l)3 global symme- 
try, under which {qL,qR, Dl, DR,Ul,Uft), (^l, Z^, iV^^), 
{Ej^,E'j^) and d, respectively, carry the quantum num- 
bers (1, 0, 1), (0, 1, -1), (2, 1, 1) and (1, 1, 0), while a and 
_R 9're trivial. Clearly, this global symmetry is consis- 
tent with the left- right symmetry (fTO|) . 
The full scalar potential is easy to read. 
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+A,,V|<5p + A,,(|0j2 + |</.^,P)|<5p. (11) 



FIG. 1: Diagrams for generating the Dirac masses of the 
down-type quarks (top left), the up-type quarks (top right), 
the charged leptons (bottom left) and the neutrinos (bottom 
right). 



Here the parity-odd singlet a is essential to realize the 
spontaneous D-parity violation 0, which can guarantee 
the breakdown of SU{2)jj x U{l)g_^ to C/(l)^. As for 
the Yukawa interactions, only the following terms are al- 
lowed, 



Cy = 



-yoiQLfkLDR + <fR4>*RDl) - yu{(lL4>LUR + qR(l>RUl) 

-fiSULEl+S*U%Ej,) + U.c.. n2) 



As shown in the tree-level diagrams of Fig. [TJ the 
quark masses are induced by integrating out the colored 
fermion singlets [1], 



-Vd 



-'L'^R^T 



D 



with 



Vd = "^d 



j) and 



-)~174GeV. (17) 



We further introduce the mass terms of the fermion sin- 
glets by softly breaking the U{1)^ global symmetry. 



soft 



-i™^lV>^ + H.c., (13) 



where the mass matrices m 
symmetric, i.e.. 



1^ and rrij^ are all 
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"T-i, m^ = 771^.(14) 



Without loss of generality and for convenience we will 
choose the base with the diagonal and real rrij-, , m^ , 
and m^. 

We now demonstrate that the quarks, the charged lep- 
tons, and the neutrinos will obtain their Dirac masses. 



Note that the top quark mass is very close to Vj^. We 
thus need rrijj Vj^^ to fulfill the pcrturbative and 
seesaw 0] conditions. The choice is similar for m^^. The 
charged leptons and neutral neutrinos can not acquire the 
Dirac masses at tree level. Instead, their Dirac masses 
arc generated at one-loop order, as shown in the box 
diagrams of Fig. [TJ We calculate the loop-induced masses 
to be 



IGtt- 



Ml 



IGtt 



167r2 



hfal, 



-Vd' 



Here the coefficients 



= In- 



-hfhXh^ 

167r2 



,(18) 
ml .(19) 



■In- 



C 3 -m^d^di^ - m^f^LUR - m^e^ei^ - m^v^Vj^ + H.c. ,(15) 

after the symmetry breaking of SU{2)j^ x SU{2)j^ x 
Uil)B-L SU{2)^ X U[l)y H C/(l)_. It is easy 



to check that the /-terms in the Yukawa couplings ([12]) 
will contribute to the fermion masses only through their 
radiative corrections to the masses of the leptoquark sin- 
glet 6 and the fermion singlets [/^ ^. Therefore, we will 
not mention the /-terms in the following calculations and 
discussions. 



1 + ln- 



0(1 - 10) for 771^ < m^, , (20) 



In- 



•'D 



m 



In- 



m. 



ml: 



~ 1 -I- In — ^ = 0(l - 10) for mi < mi, ,(21) 

can be treated as constants since they are not very sen- 
sitive to the running of 7tt,^ /mg or m^ /'m-'s- The Dirac 
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masses between the left- and right-handed neutrinos can 
be determined by the charged fcrmion masses, i.e. 



For fh^ and yjqVj^ much smaller than y^f^. and/or m^, 
we can make use of the seesaw Q formula, 



1 



1 



rhJJt . (22) 



Here K 



CKM 



V^V} is the CKM matrix while 
and TOg are the diagonal mass matrices of the charged 
fermions, 



= diag{mrf, m^, to J , 
= = diag{TO„, m^, mj , 

= UlmJJl = diag{TOg, m^, ?7v} . 



(23) 



Note that we require the Yukawa couplings h < 1 for 
a perturbative theory. With this constraint, the loop- 
induced charged lepton masses can still arrive at the de- 
sired values. Actually, the loop factor is expected to give 
the mass ratio between the tau lepton and the top quark. 
The completed neutrino mass terms are given by 



1 



C D --m^v^vl +H.C. , 



(25) 



where the mass matrix to^ contains two parts. 



~ 1 1-1 Vr 

m = m ^mj^ — to^^ - 2TOj, — . (26) 

Vn Vn '"r 

The first term is the double or inverse [llj seesaw 
whereas the second one is the linear [l^l seesaw. We 
further assume 

1 11 Vr / 1 1 T 1 \ , ^ 

— TOjv 2 = 2-^ — + —U^m.U^— , (27) 

Vn Vn ^r ^r m^J 

to parametrize the neutrino mass matrix (|26p . 

= 2^Uifk^U^ . (28) 



C 3 -m^l^LVj^ - yNVL^L^R - VnVrVrNr 

1 



mj^Nj^Nj^ + H.c. 

/ 

(i?i,i?|j,7V^) 



+R.C. . 



U VnVr 
Vn^r ) 



^R 
\NrJ 

(24) 



Consequently, we can perform 



'CKM 



(29) 



With the charged fcrmion masses ^ and the CKM ma- 
trix (jl}, it is easy to find 



J 



CKM "V" CKM" 



r* ^2l 



-TO V* V* 

s ^ us cs 



s us cs 



:^K(v;j2-fTO,(K;)^ 



-mbv:bv:b 



TO 



c/^diag -^m,iv:,r , -^m(v:,r , -^^riv^ir 



(30) 



so that The Pontecorvo-Maki-Nakagawa-Sakata (PMNS) [H 

, leptonic mixing matrix is then given by 

TO, = 2^^{U,U,U,)di^g\^mJV:,)\ 

^R^e lm„ U^Mns^UlU,^UlU,UJJ^. (32) 
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For the given Up-^-^g and we can choose an arbitrary 
unitary to determine the Yukawa coupHngs j/jy ^.nd 
the Majorana masses to^ by inserting the unitary Ui = 
C/ef/pMNst^2^e and the known [cf. ([22])] to Eq. (f27| . 
The seesaw and perturbative conditions can be satisfied 
in a wide parameter space of j/jy and to^. Clearly, the 
neutrino mass matrix ([3T|) can perfectly produce the mass 
spectrum ^ for generating the relation ([3]). Compared 
with Eqs. ([S]) and ([S]), we can find 

£ = 2^^ = 1.60X 10-^ (33) 

to determine the left-right symmetry breaking scale, 
„^ = = 2.18 X 10" GeV for ^ = 1 . (34) 

In summary we found the intriguing relation between 
the neutrino and charged fermion masses, I'ti^^ — : 
(m^^ — mjj :: Fj^m^TO^/TOj : V^^mji^ml / ml. We then 
proposed a left-right symmetric model to naturally ex- 
plain this phenomenon. In our model, the normal hierar- 
chy neutrino masses are fully determined by the charged 
fermion masses for a given left-right symmetry breaking 
scale. In turn, the left-right symmetry breaking scale 
is fixed by the observed neutrino masses. The predicted 
neutrino spectrum is possible to test in the future. More- 
over, the leptoquark singlet scalar in our model is fiexi- 
blc to be at an accessible scale so that it can have some 
interesting implications on the present and future exper- 
iments. 
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